In this paper, we give necessary and sufficient conditions for a subset S of the vertex set of a connected graph G to be a secure convex dominating set. Some realization problems will be given. In particular, we show that given positive integers k and n such that n ≥ 4 and 1 ≤ k ≤ n, there exists a connected graph G with |V (G)| = n and γ scon (G) = k. Also, we show that for any positive integers k, m and n such that 1 ≤ k ≤ m − 2 and m ≤ n, there exists a connected graph G with |V (G)| = n, γ scon (G) = m, and γ con (G) = k.
Introduction
Let G = (V (G), E(G)) be a connected simple graph and v ∈ V (G) 
S is convex if I[x, y] ⊆ S for any x, y ∈ S, i.e., I G [S] = S. A dominating set S which is also convex is called a convex dominating set of G. The convex domination number γ con (G) of G is the smallest cardinality of a convex dominating set of G.
A convex dominating set S of V (G) is a secure convex dominating set of G if for each u ∈ V (G) \ S, there exists v ∈ S such that uv ∈ E(G) and the set (S \ {v}) ∪ {u} is a convex dominating set of G. The minimum cardinality of a secure convex dominating set of G, denoted by γ scon (G), is called the secure convex domination number of G.
Convexity in graphs has been discussed and studied in [1, 2, 3] . On the other hand, convex domination in a graph has been studied in [4, 5] .
Results
From the definitions, the following result is immediate.
Remark 2.1 Let G be a connected graph of order n ≥ 2. Then
(i) γ(G) ≤ γ con (G) ≤ γ scon (G); and
It is worth mentioning that the upper bound in Remark 2.1(ii) is sharp. For example, γ scon (P n ) = n for all n ≥ 3. The lower bound is also attainable as the following result shows. Proof. Clearly, γ scon (K n ) = 1. Suppose now that γ scon (G) = 1. Let S = {x} be a secure convex dominating set in G. Suppose that G is not complete. Then there exist y, z ∈ V (G) such that yz / ∈ E(G). It follows that (S \ {x}) ∪ {y} = {y} is not a dominating set of G. This implies that S is not a secure convex dominating set, contrary to our assumption. Thus, G = K n .
It is easy to see that every connected graph G has a secure convex dominating set (V (G) is one such set). The next result says that the value of the parameter γ scon ranges over all positive integers.
Theorem 2.3
Given positive integers k and n such that n ≥ 4 and 1 ≤ k ≤ n, there exists a connected graph G with |V (G)| = n and γ scon (G) = k.
Proof. Consider the following cases:
Case1. Suppose k = 1. Let G = K n . Then, clearly, |V (G)| = n and γ scon (G) = 1.
Case2. Suppose k = 2. Let H 1 = K n−1 and let ab ∈ E(H 1 ). Consider the graph G obtained from H 1 by adding the vertex v / ∈ V (H 1 ) and the edges av and bv (see Figure 1 ). The set S = {a, b} is a minimum secure convex dominating set of G. Hence, |V (G)| = n and γ scon (G) = 2. 
and consider the graph G obtained from H 2 by adding the (pendant) edges va 1 , va 2 ,..., va k−2 (see Figure 2) . The set S = {u, v, a 1 , a 2 , ..., a k−2 } is a minimum secure convex dominating set of G. Hence, |V (G)| = n and γ scon (G) = (k − 2) + 2 = k. This proves the assertion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Figure 5 Figure 5 This proves the assertion. 
Proof. Suppose S is a secure convex dominating set in G.
This implies that (S \ {q}) ∪ {z} is not convex ∀q ∈ N (z) ∩ S, contrary to our assumption that S is a secure convex dominating set in G.
For the converse, suppose that epn(v; S) = φ ∀v ∈ S and for each u ∈ V (G)\S, ∃v ∈ S ∩N (u) satisfying (i), (ii), and (iii). Clearly, S is a dominating set of G. Let x, y ∈ S such that x = y.
. This, however, is not possible because P (x, y) is a geodesic. Hence, x r−1 / ∈ S or x r+1 / ∈ S. Choose the largest index j ∈ {1, 2, ..., r − 2} such that x j ∈ S. Then x j+1 , x j+2 / ∈ S. By property (ii), x j x j+2 ∈ E(G), contrary to our assumption that P (x, y) is a geodesic. Therefore, V (P (x, y)) ⊆ S. This shows that S is convex. Now, let u ∈ V (G) \ S. By assumption, ∃v ∈ S ∩ N (u) satisfying (i), (ii) and (iii). Let S u = (S \ {v}) ∪ {u}. Let w / ∈ S u . If w = v, then u ∈ S u and uw ∈ E(G). Suppose w = v. Then w / ∈ S \ {v}. Since w / ∈ epn(v; S) and S is a dominating set, ∃p ∈ S \ {v} ⊆ S u such that wp ∈ E(G). Hence, S u is a dominating set in G.
Finally, let a, b ∈ S u with a = b. Let P (a, b) = [a 1 , a 2 , ..., a k ], where a = a 1 and b = a k , be an a-b geodesic. Suppose that u = a. If v ∈ V (P (a, b) ), then a 2 = v. Since S is convex and [a 2 , a 3 , ..., a k ] is a v-b geodesic, it follows  that a 2 , a 3 , . .., a k ∈ S u . In particular, a 3 ∈ S. Hence, by (i), a 1 a 3 ∈ E(G), contrary to the fact that P (a, b) is a geodesic. Thus, v / ∈ V (P (a, b) ). Suppose ∃a r (1 < r < k) such that a r / ∈ S u . Choose the largest q ∈ {2, 3, ..., k − 1} such that a q / ∈ S u . Since S is convex, a 2 , ..., a q−1 / ∈ S u . Clearly, va q+1 , ..., va k / ∈ E(G) and va 2 ∈ E(G) . If va q ∈ E(G), then [v, a q , a q+1 , ..., a k ] is a v-b geodesic. This implies that S is not convex, a contradiction. Suppose va q / ∈ E(G). Choose the largest p ∈ {3, 4, ..., q − 1} such that va p ∈ E(G). Then [v, a p , a p+1 , ..., a q , a q+1 , . .., a k ] is a v-b geodesic. Again, this implies that S is not convex, contrary to our assumption. Therefore V (P (a, b) , b) ). Thus, V (P (a, b)) ⊆ S u . Therefore S u is a convex dominating set. Accordingly, S is a secure convex dominating set.
Finally, we characterize all connected graphs having secure convex domination number equal to two. Proof. Suppose that γ scon (G) = 2, say S = {x, y} is a γ scon -set of G. Since S is convex, xy ∈ E(G). Let z ∈ V (G) \ S. Since S is a dominating set, xz ∈ E(G) or yz ∈ E(G). Suppose that xz ∈ E(G). Then, by Theorem 2.6, z / ∈ epn(x; S). Thus, yz ∈ E(G). Let H = V (G) \ S . Then G = S + H ∼ = K 2 + H. Further, since γ scon (G) = 1, G is non-complete by Theorem 2.2. Therefore, H is non-complete.
For the converse, suppose that G = K 2 + H, where H is non-complete. Let V (K 2 ) = {a, b} = S. Then S is a convex dominating set of G. Let v ∈ V (H). Then S v = (S \ {a}) ∪ {v} = {b, v} is a convex dominating set of G. Thus, since v was arbitrarily chosen, it follows that S is a secure convex dominating set of G. Therefore γ scon (G) ≤ 2. Since G is non-complete, γ scon (G) ≥ 2 by Theorem 2.2. Therefore, γ scon (G) = 2.
We shall be needing the following result in our next characterization. Proof. Suppose G has a secure clique dominating set, say S. Let x ∈ S and suppose there exists y ∈ (V (G) \ S) \ N G (x). Then (S \ {z}) ∪ {y} is not a clique in G for all z ∈ S ∩ N G (y). This implies that S is not a secure clique dominating set in G, contrary to our assumption. Thus, N G [x] = V (G), showing that γ ( G) = 1.
Therefore S is not a secure convex dominating set, contrary to our assumption. Thus, uz ∈ E(G) for all u ∈ S 1 and for all z ∈ V (G) \ S 1 . Consequently, for each z ∈ V (G) \ S 1 , (S 1 \ {u}) ∪ {z} is a clique dominating set in G for any u ∈ S 1 since |S 1 \ {u}| ≥ 1. This implies that S 1 is a secure clique dominating set in G. Similarly, S 2 is a secure clique dominating set in H if |S 2 | ≥ 2. This shows that statements (iii), (iv), (v), and (vi) hold.
For the converse, suppose first that statement (i) holds. Then, by Theorem 2.8, S is a convex set in G + H. Also, since S is a dominating set in G, it is a dominating set of G + H. Now let z ∈ V (G + H) \ S. If z ∈ V (G), then, by assumption, there exists a ∈ S such that (S \ {a}) ∪ {z} is a convex dominating set in G (and hence, of G + H). Suppose z ∈ V (H). Pick any b ∈ S. Since S \ {b} and {z} are complete in G and H, respectively, (S \ {b}) ∪ {z} is a convex set in G + H by Theorem 2.8. Moreover, it is a dominating set in G + H. Thus, S is a secure convex dominating set in G + H. Similarly, S is a secure convex dominating set in G + H if statement (ii) holds. Further, it is clear that S is a secure convex dominating set if any of the conditions (iii), (iv), (v), or (vi) holds.
The next result follows from Theorem 2.10 and Lemma 2.9. 
